Abstract. In this paper, the perturbed compound Poisson Gamma Omega model with a barrier dividend strategy is studied. Using the strong Markov property and Taylor formula, the integro-differential equations for the Gerber-Shiu expected discounted penalty function are derived. The explicit solutions of the Gerber-Shiu expected discounted penalty function are also obtained when the claim size is exponentially distributed. Furthermore, a numerical example is presented to illustrate some properties of the function.
Introduction
Risk theory plays an important role in financial mathematics and insurance actuarial studies, and through the study of stochastic risk model in the insurance industry to deal with several actuarial variables, such as the time of ruin, the surplus immediately before ruin, the deficit at ruin, the ruin probability, the Gerber-Shiu expected discounted penalty function, the expected discounted dividend payments function, etc.
E-mail address: zhongqingaox@126.com Received December 16, 2017 Since the Gerber-Shiu expected discounted penalty function(simply called Gerber-Shiu function) was initially proposed by Gerber and Shiu [9] , the function has been studied by many authors under more general models, such as compound Poisson risk model, renewal risk model, the perturbed risk model, Lévy risk model, etc. Import reference involved in Sabine [15] , Chin and Yin [2] , Claudio and Giovanni [3] , Gao and Yin [8] , Gao and Wu [7] , etc.
The compound Poisson risk model perturbed by diffusion was initially proposed by Gerber [10] , and has been further studied by many authors during the last few years. Dufresne and Gerber [5] studied the probability of ruin and derived the convolution of the probability of ruin.
Li [13] investigated the expected discounted dividend payments function prior to ruin and obtained the explicit solutions of the function. Yuen and Wang [17] considered the Gerber-Shiu expected discounted penalty function with interest and a constant dividend barrier, then derived an integro-differential equation of the function and obtained the solution to the integro-differential equation which is in the form of an infinite series. Gao and Liu [6] studied the model with constant interest and a threshold dividend strategy, then derived the integro-differential equations with certain boundary conditions for the moment-generation function and the n-th moment of the present value of all dividends until ruin. In this model, the surplus of an insurance company at time t is given by
where U(0) = u is the initial surplus, c is the premium rate, the total number of claims {N(t),t ≥ 0} is a homogeneous Poisson process with intensity λ , the claim sizes {X 1 , X 2 , ...} form a sequence of positive independent identically distributed random variables with common distribution P(x), density function p(x) and mean value µ, {X i , i ≥ 1} and {N(t),t ≥ 0} are mutually independent, the aggregate claims {S(t),t ≥ 0} is a compound Poisson process with intensity λ , {W (t),t ≥ 0} is a standard Wiener process with W (t) ∼ N(0,t), σ > 0 is a constant, which represents the diffusion volatility parameter. In order to guarantee a positive survival probability, it is assumed that c = (1 + θ )λ µ ≥ 0, which θ > 0 is the relative security loading factor ensures that the ruin probability is less than 1.
In risk theory, a company goes out of business as soon as ruin occurs, that is, when the surplus is negative for the first time. However, in practical, companies can continue doing business even though they are technically ruined. The Omega model was introduced for a Wiener process in Albrecher, Gerber and Shiu [1] , there was a distinction between ruin (negative surplus) and bankruptcy (going out of business). It was assumed that even with a negative surplus, the company can do business as usual until bankruptcy occurs and the probability of bankruptcy is concerned at a point of time. In addition, the dividend problems are received widespread attention, it was first introduced in De Finetti [4] for a binomial model to reflect more realistically the surplus cash flows in an insurance portfolio, and he found that the optimal strategy must be a barrier strategy. From then on, a great deal of papers have been devoted to study the barrier dividend strategy, such as Gerber [11] , Taksar [16] , Gerber and Shiu [12] , Landriault [14] , etc.
In this paper, the perturbed compound Poisson Omega model with a barrier dividend strategy is studied, at the same time, it is assumed that dividends can only be paid at certain random times and thus constitute a discrete sequence of random variables, the interval times between successive dates when dividends can be paid are independent random variables with a common exponential distribution with parameter γ, that is, at any time the probability that a dividend can be paid within dt time units is γdt. The symbol for the dividend payments time interval as a exponential distribution with parameter γ leads to the name Gamma model in Albrecher, Gerber and Shiu [1] , that is, the perturbed compound Poisson Gamma Omega model with a barrier dividend strategy is studied in this paper.
In this paper, the probability of bankruptcy is quantified by a bankruptcy rate function ω(u), where u ≤ 0 is the value of the surplus at that time, it is a non-increasing function, that is, whenever the surplus is u ≤ 0, ω(u)dt is the probability of bankruptcy within dt time units.
However, it is unrealistic to assume that the surplus of a company can decrease without bounds, in this paper, it is assumed that ω(u) is infinite for u ≤ u 0 < 0 and ω(u) > 0 for u 0 < u ≤ 0, bankruptcy occurs at the latest when the surplus drops to u 0 . In other words, u 0 is the level of "certain bankruptcy".
If no dividends were paid, the surplus U(t) can be described in (1) . The company will pay dividends to its shareholders, for t ≥ 0, let D(t) denote the aggregate dividends paid by time t, then the modified surplus at time t is
For a barrier dividend strategy, it is assumed that the company pays dividends according to the following strategy governed by parameter b ≥ 0: whenever the modified surplus is below the level b, no dividends are paid, however, when the modified surplus is above the level b, dividends are paid out with U(t) − b at a potential dividend payment time (until the next claim occurs). Let δ > 0 be the force of interest for valuation, and let D denote the present value of all dividends until bankruptcy
where T is the bankruptcy time for the modified process.
where w = w(x) as a penalty function, be a nonnegative bounded measurable function, that 
The integro-differential equations for φ (u, b)
In this section, the perturbed compound Poisson Gamma Omega model with a barrier dividend strategy is studied. Using the strong Markov property and Taylor formula, the integrodifferential equations for the Gerber-Shiu function φ (u, b) are derived.
.
Proof. For h > 0, the infinitesimal time interval (0, h) is considered. By distinguishing whether or not the first claim occurs in the infinitesimal time interval, one can get
For u 0 < u ≤ 0, in the infinitesimal time interval (0, h), which enables the surplus at time h does not exceed 0, that is, no dividends are paid in (0, h), but potential bankruptcy and the first claim may occur. Note that the probability that the first claim occurs up to time h is e −λ h , the probability that the first claim occurs between (0, h) is (1 − e −λ h ) and condition on the time T 1 ⊂ (0, h) and the amount X 1 = x of the first claim. Note that the probability of bankruptcy up to time h is (1 − ω(u)h), the probability of bankruptcy between (0, h) is ω(u)h. It follows from
Using the strong Markov property, one have
By distinguishing whether or not bankruptcy in the infinitesimal time interval (0, h) and φ (U * (h), b) = e δ h w(u) when the bankruptcy occurs, correspondingly, one have
It follows from U * (h) = u + ch + σW (h), (T 1 > h) and the Taylor formula that
Using the similarly argument with I, one arrives that
Thus, following (4), (5), subtracting φ (u, b) from both sides of (3) and then divide by h and let h → 0, simplifying yields (2).
For 0 < u ≤ b, in the infinitesimal time interval (0, h), which enables the surplus at time h does not exceed b, that is, in (0, h) no dividends are paid, potential bankruptcy and the first claim may occur. According the above analysis, the I can be rewritten as
Thus, following (5), (6), subtracting φ (u, b) from both sides of (3) and then divide by h and let h → 0, simplifying yields (2).
For u > b, in the infinitesimal time interval (0, h), which enables the surplus at time h does not drop to b, that is, in (0, h) potential bankruptcy, dividends may paid, and the first claim may occur. Note that the probability of dividends payment up to time h is e −γh , the probability of dividends payment between (0, h) is (1 − e −γh ) and condition on the time T * 1 ⊂ (0, h) and the dividends can be paid with D(h) at the time h, by distinguishing whether or not dividends payment in the infinitesimal time interval (0,h), the I can be rewritten as
using the strong Markov property and the Taylor formula, one have
Thus, following (5), (7), subtracting φ (u, b) from both sides of (3) and then divide by h and let h → 0 ,simplifying yields (2). This completes the proof.
Remark 2.1.
(1) With λ = 0, means no claims, the surplus process can be rewritten as
the model is converted into the Gamma Omega model in Wiener surplus process with a barrier dividend strategy, then φ (u, b) satisfy the integro-differential equations can be rewritten as
the result coincides exactly with Section 1 in Gerber, Shiu and Yang [18] .
(2) With γ = 0, means no dividend payments, the model is converted into the classical risk model in compound Poisson surplus process perturbed by diffusion, then φ (u, b) = φ (u) until bankruptcy satisfy the integro-differential equations can be rewritten as
With ω(u) = 0, means the model is converted into the "extreme" model with the company can not bankruptcy, then φ (u, b) satisfy the integro-differential equations can be rewritten as
3. An explicit formula of φ (u, b) for exponential claim amounts
In this section, the explicit solutions of the Gerber-Shiu function φ (u, b) are derived when the claim size is exponentially distributed P(x) = 1 − e −νx , the bankruptcy rate function ω(u) = ω(constant value), the penalty function w(u) = w(constant value) and u 0 → −∞ with a barrier dividend strategy.
In order to derive the explicit solutions of φ (u, b), according to the size of initial value, the function φ (u, b) is classified into the following three functions
thus φ (u, b) satisfy the integro-differential equations can be rewritten as
According the continuity of φ (u, b) and the continuity of φ (u, b) at u = 0, one have
With the substitution z = u − x, φ (u, b) satisfy the integro-differential equations can be rewritten
It is assume that the claim size density is given by p(x) = ve −vx , x > 0, v > 0, applying the differential operator (d/du + ν) to the above equations, then φ (u, b) satisfy the third-order differential equations
For u ≤ 0, φ l (u, b) satisfies the nonhomogeneous differential equation in (11) , when the bankruptcy rate function ω(u) = ω(constant value), the penalty function w(u) = w(constant value) and u 0 → −∞, the special solution of φ l (u, b) is
with the K l is arbitrary coefficient and independent of u, h(u) is the homogeneous solution of the third-order differential equation of φ l (u, b) and satisfies the boundary condition lim
that is, h(u) satisfies the third-order differential equation
Using the characteristic roots methods, the solution of h(u) is
with the K * 1 , K 2 , K 3 are arbitrary coefficients and independent of u, q 1 ≥ 0, q 2 < 0, q 3 < 0 being the roots of the characteristic equation
Following the boundary condition lim
For 0 < u ≤ b, φ m (u, b) satisfies the homogeneous differential equation in (11) , similarly, the
with the G 1 , G 2 , G 3 are arbitrary coefficients and independent of u, s 1 ≥ 0, s 2 < 0, s 3 < 0 being the roots of the characteristic equation
Substitution (12) into (10), with subsequent comparison of the coefficients of e −νu yields that
For u > b, φ (u, b) satisfies the nonhomogeneous differential equation in (11) , the special
then the general solution is
with the C 1 , C 2 , C 3 are arbitrary coefficients and independent of u, r 1 ≥ 0, r 2 < 0, r 3 < 0 being the roots of the characteristic equation
Following the condition φ n (u, b) → 0 for u → +∞ that C 1 = 0, then the solution of φ n (u, b) can be rewritten as
Substituting (14) into (10), with subsequent comparison of the coefficients of e −νu yields that
Therefore,
with boundary conditions (13), (15) .
Subject to the condition (8), the K 1 , G 1 , G 2 and G 3 satisfy
subject to the condition (9), the G 1 , G 3 , G 3 and C 2 , C 3 satisfy Considering the continuity of φ (u, b), following (16), let u = 0 and u = b, one can get
Considering the continuity of φ (u, b) at u = 0, one can get
By solving the simultaneous equations from (13), (15) and (17)-(21), the unknown coefficients 
Numerical example
In this section, a numerical example is presented to verify the relationship between φ (u, b) and initial surplus u or parameter b with a barrier dividend strategy.
It is assumed that the claim size is exponentially distributed P(x) = 1 − e −νx , for σ = 0.5, c = 1.5, λ = 1, δ = 0.5, γ = 0.5, ω(u) = ω = 0.1, ν = 1, w(u) = w = 1, the Table 1 provides numerical results for the expected sum of discounted penalty φ l (u, b), the Table 2 provides numerical results for the expected sum of discounted penalty φ m (u, b) and the Table 3 provides numerical results for the expected sum of discounted penalty φ n (u, b). Consequently, the number results show that the higher the initial surplus of the insurance company, the smaller the expected sum of discounted penalty prior to the time of bankruptcy for fixed b, and when 0.1 ≤ b ≤ 1, it following Table 1 , Table 2 , Table 3 
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